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Abstract. Achieving quantum correlations between two distant systems is a desirable feature for quantum
networking. In this work, we study a system composed of two quantum emitter-cavity subsystems spatially
separated. A mechanical resonator couples to either both quantum emitters or both cavities leading to
quantum correlations between both subsystems such as non-local light-matter dressed states and cavity-
cavity normal mode splitting. These indirect couplings can be explained by an effective Hamiltonian for
large energy detuning between the mechanical resonator and the atoms/cavities. Moreover, it is found
optimal conditions for the physical parameters of the system in order to maximize the entanglement of
such phonon-mediated couplings.
PACS. XX.XX.XX No PACS code given
1 Introduction
Photonic channels are the most common in standard quan-
tum networking [1,2]. However, other mechanisms can be
envisaged to perform the quantum information process-
ing tasks, for example, phononic channels. On one hand,
cavity quantum electrodynamics systems (cQED) have of-
fered great potentialities in quantum computing [3,4], es-
pecially, in semiconductor nanoestructures [5,6] and su-
perconducting circuits platforms [7,8,9,10]. On the other
hand, in the cavity optomechanics frame (COM) [11], me-
chanical resonators coupled to cavities and artificial atoms
allow controlling and enhancing quantum properties at the
same time that introduce mechanics in the quantum realm
[12]. Hybrid optomechanical systems [13,14,15], involving
both cQED and COM, would provide astonishing oppor-
tunities for quantum networking [16].
Entanglement as the main resource for quantum com-
putation [17] is aimed to link a whole quantum network
composed of atoms trapped in optical cavities (nodes)
linked by photons propagating from one to others (chan-
nels). Particularly, entangling two quantum nodes of a
network in a reversible way is a required condition to
distribute entanglement across the network and teleport
quantum states. In such multipartite systems it is worth
to study which parts or subsystems are most entangled
than others and how to improve that entanglement [18,
19]. Now, phononic modes of mechanical resonators could
be considered to connect cQED nodes as an alternative to
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the standard photonic channels. Most of the works so far
consider that phononic modes modulate the energies of
quantum emitters and cavities [20]. Beyond the dispersive
regime, other coupling mechanisms have been explored
such as linear coupling [21] or by mechanical variation
of the Rabi coupling rate [22,23]. In this work, we study a
double quantum emitter-cavity system. Both subsystems
are coupled linearly by a single mechanical mode of a me-
chanical resonator. This phononic mode couples either the
quantum emitters or the cavities.
The rest of the paper is organized as follows, in Sect. 2
we set the theoretical model for the mechanically coupled
cavity QED subsystems. Then, in Sect. 3 we study the
Hamiltonian by numerical diagonalization and derive an
effective Hamiltonian in the dispersive regime which gives
accounts of the main effective couplings between the differ-
ent parts of the system. Besides, we quantify the bipartite
entanglement of such dressed states. Finally, in Sect. 4, we
discuss and conclude.
2 Theoretical framework
The system considered here is schematically depicted in
Fig. 1 and consist of two distant quantum emitter-cavity
systems each one interacting via dipole interaction. The
quantum emitter is considered as a two-level system (TLS).
A single-mode of a mechanical resonator interacts with
each quantum emitter but not with the cavities.
We assume strong coupling between quantum emitters
and cavities such that each subsystem is modeled with the
Jaynes-Cummings Hamiltonian:
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Hˆ1 = ωc1aˆ
†
1aˆ1 + ωa1σˆ
†
1σˆ1 + g1
(
aˆ†1σˆ1 + aˆ1σˆ
†
1
)
(1)
and
Hˆ2 = ωc2aˆ
†
2aˆ2 + ωa2σˆ
†
2σˆ2 + g2
(
aˆ†2σˆ2 + aˆ2σˆ
†
2
)
(2)
where ωc1 and ωc2 are the cavity energies, ωa1 and ωa2
are the atom energies and, g1 and g2 are the light-matter
interaction strengths in each subsystem.
Fig. 1. Sketch of the double cavity QED system studied. The
quantum emitters couple to the same mechanical mode.
As for the mechanical mode, we consider linear cou-
pling with each quantum emitter as it has been proposed
in some works before [22,23]:
Hˆm = ωmbˆ
†bˆ+ gm1
(
bˆ†σˆ1 + bˆσˆ
†
1
)
+ gm2
(
bˆ†σˆ2 + bˆσˆ
†
2
)
(3)
here ωm is the energy of the phonon mode of the mechan-
ical resonator and, gm1 and gm2 are the coupling strength
rates between the mechanical mode and each quantum
emitter. The total Hamiltonian is then:
Hˆ = Hˆ1 + Hˆ2 + Hˆm (4)
Since the Hamiltonian commutes with the total num-
ber operator (Nˆ = aˆ†1aˆ1+aˆ
†
2aˆ2+σˆ
†
1σˆ1+σˆ
†
2σˆ2+ bˆ
†bˆ), then it
can be diagonalized for each excitation manifold composed
of all states |α, n, β,m, ℓ〉 with α+n+β+m+ℓ = constant.
Throughout the work, the notation for the states is as fol-
lows: |Atom1,Cav1,Atom2,Cav2,phonon〉.
With regard to the physical parameters, we approach
the problem not with absolute values but rather with ra-
tios between them in order to find effects for a great variety
of systems that can satisfy the conditions studied through-
out the work. Besides, we consider gm1 = gm2 = gm and
g1 = g2. Particularly, we explore situations where atomic
and photonic frequencies are not much larger than the
mechanical interaction rates but still are out of resonance
with the mechanical resonator such that a large detuning
approximation can be addressed. These requirements are
not far from experimental works, for example, in the con-
text of circuit QED [14,15], parameter ratios have been
achieved as follows ωc(a)/gm ≈ 190, ωc/ωm ≈ 67 and
ωm/gm ≈ 3.
3 Dressed states and entanglement
3.1 Inter-cavity normal mode splittings
One interesting feature to find out from the diagonaliza-
tion of the Hamiltonian 4 is a region with anticrossing be-
tween both cavities which evidences a photonic molecule
regime. By comparison of the dashed and color lines in Fig.
2 we can observe a blue shift of the energy of each quantum
emitter caused by the mechanical resonator. This is an
immediate effect of the atom-phonon dispersive coupling
because of the significant detuning between both quantum
emitters. As a consequence, the light-matter anticrossing
in each emitter-cavity subsystem is changed and hence the
polariton energies are also shifted without an appreciable
modification of the energy splitting.
Two new and interesting types of anticrossing regions
arise in the dispersive diagram. One of these is a high
effective coupling between a quantum emitter and a cav-
ity from different subsystems, Atom1-Cavity2 and Atom2-
Cavity1 in Fig. 2. It means reaching a light-matter strong
coupling regime with atoms and cavities spatially sep-
arated and hence a high light-matter entanglement be-
tween distant subsystems. As shown in Fig. 2, the eigen-
vectors at specific detuning values are mainly |X, 0, G, 0, 0〉
± |G, 0, G, 1, 0〉 and |G, 0, X, 0, 0〉±|G, 1, G, 0, 0〉. Further-
more, as is derived below, this effective interaction rate
is
g2g
2
m
∆m∆21a
with ∆m = ωa2 − ωm, ∆21a = ωa2 − ωa1 and
gm1 = gm2 = gm. Another attractive feature found at res-
onance in the energy spectrum and Hopfield coefficients
(|λ2〉 and |λ3〉) is the normal mode splitting between both
cavities which leads to a highly all-photonic dressed state,
i.e., a photonic molecule regime: |ψ〉 ≈ 1√
2
(|0, 1, 0, 0, 0〉 ±
|0, 0, 0, 1, 0〉). The effective interaction rate in this case is
g2g2
m
∆m∆21a ∆ac
with ∆ac = ωa− ωc and g1 = g2 = g. Upper in
the states ladder, the dressing of the states is non-trivial
and eigenstates are combination of almost all states in-
volved in each excitation manifold. For this reason, the
physical results in this paper are valid in a low excitation
regime.
In order to analyze each anticrossing region, the Hamil-
tonian is rewritten in a bare part and an interaction Hamil-
tonian; Hˆ = Hˆ0 + Hˆint, with
Hˆ0 = ωmbˆ
†bˆ+ ωc1aˆ
†
1aˆ1 + ωa1σˆ
†
1σˆ1
+ωc2aˆ
†
2aˆ2 + ωa2σˆ
†
2σˆ2 (5)
and
Hˆint = g1
(
aˆ†1σˆ1 + aˆ1σˆ
†
1
)
+ g2
(
aˆ†2σˆ2 + aˆ2σˆ
†
2
)
+gm1
(
bˆ†σˆ1 + bˆσˆ
†
1
)
+ gm2
(
bˆ†σˆ2 + bˆσˆ
†
2
)
(6)
Now, we transform the Hamiltonian into the interac-
tion picture, HˆIP (t) = e
iHˆ0tHˆinte
−Hˆ0t:
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Atom1-Cav2
Atom2-Cav1
Cav1-Cav2
Fig. 2. Dressed states. Left plot: Eigenenergies for the first excitation manifold as a function of the inter-cavity energy de-
tuning, ∆. Right panel: Hopfield coefficients for each eigenenergy. There is a fifth trivial eigenvector; |λ5〉 = |G, 0, G, 0, 1〉 with
eigenenergy ωm (Not shown here). Parameters: ωc1 = ω0 −∆/2, ωc2 = ω0 +∆/2, gm1 = gm2 = gm, ω0 = 20gm, ωa1 = 20.1gm,
ωa2 = 19.9gm, ωm = 3gm and g1 = g2 = gm/20.
HˆIP = g1
(
a†1σ1e
i(ωc1−ωa1)t + a1σ
†
1e
−i(ωc1−ωa1)t
)
+g2
(
a†2σ2e
i(ωc2−ωa2)t + a2σ
†
2e
−i(ωc2−ωa2)t
)
+gm1
(
σ†1be
i(ωa1−ωm)t + σ1b†e−i(ωa1−ωm)t
)
+gm2
(
σ†2be
i(ωa2−ωm)t + σ2b†e−i(ωa2−ωm)t
)
(7)
Having this on mind, a formal integration of the Schro¨dinger
equation is carried out, |ΨIP (t)〉 = T
[
e
−i
∫
t
0
HIP (t
′)dt′
]
|ΨIP (0)〉,
in order to perform the approximation of large detuning
between the atom and the mechanical resonator, ωa2 ≫
ωm and ωa1 ≫ ωm. The propagator can be expressed as a
perturbation expansion:
T
[
e
−i
∫
t
0
HIP (t
′)dt′
]
= 1ˆ− i
∫ t
0
HˆIPdt
′ +O2(HIP ) + · · ·
≈ 1ˆ− iHˆeff t (8)
Only the first four terms of the series contribute to the
effective Hamiltonian:
First order
Hˆ
(1)
eff = g1
(
a†1σ1 + a1σ
†
1
)
+ g2
(
a†2σ2 + a2σ
†
2
)
(9)
Second order
Assuming ωa2 ≈ ωa1
Hˆ
(2)
eff =
g2m1
∆m
(
σ†1σ1 + b
†bσz1
)
+
g2m2
∆m
(
σ†2σ2 + b
†bσz2
)
+
gm1gm2
∆m
(
σ†1σ2 + σ1σ
†
2
)
(10)
Third order
Assuming ωa2 ≈ ωc1 and ωa1 ≈ ωc2, but ωa1 6= ωa2
Hˆ
(3)
eff =
g1gm1gm2
∆m∆21a
σ1σ
†
1
(
a†1σ2 + a1σ
†
2
)
+
g2gm1gm2
∆m∆12a
σ2σ
†
2
(
a†2σ1 + a2σ
†
1
)
(11)
Fourth order
Assuming ωc1 ≈ ωc2
Hˆ
(4)
eff =
g1g2gm1gm2
∆m∆21a ∆
21
ac
σ†1σ1σ
†
2σ2(a1a
†
2 + a
†
1a2)
+
g1g2gm1gm2
∆m∆12a ∆
12
ac
σ†1σ1σ
†
2σ2(a1a
†
2 + a
†
1a2) (12)
with ∆ija = ωai − ωaj and ∆
ij
ac = ωai − ωcj.
Fig. 3. Bipartite entanglement. Negativity between both cav-
ities (Black line), between an atom and a cavity from the
same subsystem (Blue and green lines) and between and atom
and a cavity from different subsystems (Purple and red lines).
Parameters: gm1 = gm2 = gm, ω0 = 20gm, ωa1 = 20.1gm,
ωa2 = 19.9gm, ωm = 3gm and g1 = g2 = gm/20.
3.2 Entanglement properties
The next natural step is to analyze the entanglement prop-
erties of each anticrossing. Negativity between two parts
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of the system is computed by tracing over the other de-
grees of freedom, i.e. N =
∑
λ<0 |λ|, where λ denotes all
the eigenvalues of the partial transpose of the traced den-
sity matrix ρB = TrA(ρAB). B represents the two parts of
interest and A, the other parts. Here ρAB is the pure den-
sity matrix build with the eigenstates, |λi〉, of the Hamil-
tonian 4. The eigenstate used is the one involved in the
anticrossing of interest, e.g., entanglement between atom
1 and cavity 2 is computed with the eigenstate |λ4〉 shown
in Fig. 2.
As shown in Fig. 3, the largest entanglement between
photons from both cavities is found close to the resonance;
ωc1 ≈ ωc2 as expected according to the Fig. 2. Further-
more, direct light-matter entanglement is maximum in
ωa1 ≈ ωc1 and ωa2 ≈ ωc2, and indirect light-matter en-
tanglement increases around ωa2 ≈ ωc1 and ωa1 ≈ ωc2,
also expected from the analysis made in the previous sec-
tion. The above means that the best condition to entangle
two parts of the system is setting those parts close to res-
onance. However, due to additional contributions in the
eigenstates (Fig. 2), there is a coexistence of the different
types of entanglement studied, e.g., at the maximum of
entanglement between atom 1 and cavity 2, there is also
entanglement atom2-cav2 and atom2-cav1. Additionally,
the phonon part of the system is unentangled with the
rest of the system as long as the mechanical frequencies
are much smaller than the photon ones.
Fig. 4. Photon-photon entanglement. Maximum of the neg-
ativity of the reduced cavity-cavity system as a function of
ω0/gm and gm/gJC . Parameters: g1 = g2 = gJC , gm1 =
gm2 = gm, ωa1 = ω0 + 0.1, ωa2 = ω0 − 0.1, ωc1 = ω0 − ∆/2,
ωc2 = ω0 +∆/2 and ωm = 3gm.
Now, in order to study the dependence of the entan-
glement with the physical parameters, we focus on the
intercavity photon entanglement. There are two critical
parameters in the system; which are the ratio between
the atom/cavity frequencies or the light-matter coupling
strength with the mechanical interaction rate, ω0/gm and
gJC/gm, respectively. Fig. 4 exhibits fringes of maximum
entanglement for mechanical interaction rates larger than
the light-matter ones, i.e., when the coupling strength be-
tween both subsystems exceed the coupling strength in
each subsystem. This fringes show that entanglement does
not change for large ratios ω0/gm, which is the most typ-
ical condition in current experimental setups, especially
in circuit QED systems. For small ratios between pho-
ton frequencies and mechanical interaction, ω0/gm < 30,
the intercavity photon entanglement is less sensitive to the
change of gm/gJC . Nevertheless, in order to keep the rotat-
ing wave approximation for light-matter interaction, it is
necessary to fulfill the condition ω0 ≫ gJC , i.e., gm > gJC
in our model. In other words, the system must fulfill that
the atom/cavity frequencies exceed the mechanical inter-
action rate and, subsequently, this last one should exceed
the light-matter coupling strength. Finally, in all calcu-
lations performed it was keep the condition ωm = 3gm,
which is possible to reach in nowadays experiments.
4 Discussion and Conclusions
In this work, we have considered a single mode of a me-
chanical resonator mediating the interaction between two
subsystems, each one composed of a quantum emitter cou-
pled to a cavity. As we have seen, it is possible to reach
a regime of parameters with normal mode splitting be-
tween the cavities which is a first signature of photonic
molecules. Besides, it was found Vacuum Rabi splitting
between a quantum emitter and a cavity from different
subsystems, i.e., non-local light-matter strong coupling
regime. As a direct effect of the mechanical resonator,
it was observed a blue shift of the atomic energies and
hence a shift in the polariton energies. Additionally, it
was studied the entanglement properties of those dressed
states and the conditions of the physical parameters for
which it is maximized the entanglement. The multipartite
system evidences that some parts of the system are most
entangled than others depending on the energy detuning
or, more specifically, on the dressed state involved. Good
candidates to implement our proposal are circuit quantum
electrodynamics systems where high mechanical interac-
tions could be reached.
Finally, if the mechanical resonator couples the cavities
instead of the quantum emitters, same results are found
since at first excitation manifold both situations are equiv-
alents. However, beyond the low excitation regime, where
higher excitation manifolds are involved, the dressing of
the states and the entanglement change substantially due
to the statistics of the particles involved in the mechanical
interaction; two-level systems (artificial atoms) or bosons
(cavities).
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